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Abstract—This paper presents a preliminary study of 
simultaneous optimal dispatch of both active power and reactive 
power. In the current economic dispatch practice only optimal 
active power allocation is considered since all cost functions are 
characterized as functions of the active power. Reactive power 
requirements are mostly mandated by utilizing a fixed power 
factor or based on system operators’ judgment.  In this proposal 
we consider making use of generator reactive capability curves to 
better characterize generation cost. With the new description of 
the actual generation cost, system dispatchers can achieve 
further reduction in overall system-wide generation cost while 
utility companies can make optimized decisions to improve their 
profit bottom line. Economic dispatch formulations are presented 
in this paper from both minimizing cost and maximizing profit 
perspectives. A simple power network is utilized for illustrating 
the key concept and gaining insight.  
  

Index Terms—Ancillary services, power demand, power 
generation dispatch, power systems, reactive power.  

I.  INTRODUCTION 
lectric power includes both active power (or real power), 
which is given in megawatts (MWs), and reactive power, 

which is given in mega volt-amperes reactive (MVARs). 
Because electric utility companies traditionally received 
requirements for electricity in active power only, traditional 
economic dispatch programs determined optimum operating 
solutions only in terms of active power.  As stated in [1], 
many of them do not give considerations to the reactive power 
required to support and maintain the system voltage exciting 
the power system and driving the current through the system 
impedance. As a result, these programs allowed utilities to 
determine optimal operation of various generators based on a 
specified active power, but did not take into account the 
reactive power requirement.   

However, it is necessary to keep a certain level of reactive 
power on the electric distribution grids to maintain voltage 
and avoid damage to transformers and other electrical 
distribution equipment.  As a result, utilities still have to 
generate and distribute at least some reactive power.  To 
maintain the necessary level of reactive power on distribution 
grids, the North American Electric Reliability Council 
(NERC), a utility industry trade group, has started providing 
specifications for levels of reactive power to be maintained by 
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utilities [11]. As a result, when a utility is making the 
determination as to which generator technology to use for 
generating electricity, the utility has to take into account not 
only the active power to be produced, but also the reactive 
power to be produced.   

Traditionally reactive power levels on grids are maintained 
by having each plant on the grid run at a fixed power factor, 
thus ensuring a certain amount of reactive power that varies 
proportionally to the active power being produced. Moreover, 
because the rates charged by utilities for power were 
traditionally highly regulated and were generally tied to the 
cost of producing the electric power, utilities generally did not 
pay much attention to the cost of generation and delivery of 
the reactive power, as they could easily pass on the added cost 
of producing the reactive power to their customers. Over the 
last couple of decades there has been considerable de-
regulation and restructuring within the electric power industry 
of the United States, which has substantially increased 
competition among utilities and made utilities more aware of 
their cost structures. In particular, due to increased 
competition, the utilities can no longer automatically charge 
their customers higher prices because of higher production 
costs.  As a result, utilities have become more cautious with 
regard to the costs associated with generating and distributing 
both real electric power and reactive electric power, and are 
less likely to provide reactive power to properly maintain 
distribution grids without being adequately compensated. 
Methods of characterizing reactive power cost and price are 
considered in [2]-[6]. An economic dispatch strategy for 
minimizing the costs of reactive power generation sources is 
proposed in [7].  However, these results do not directly 
consider the coupling between the cost of generating reactive 
power and the cost of generating active power. Instead, all 
cost functions are specified in terms of active power, and the 
reactive power cost is only reflected by the profit loss due to 
generating extra reactive power.  

Unfortunately, the task of optimizing the production of 
both active power and reactive power is not a straightforward 
extension of optimizing the active power generation, due to 
the relationships between the two entities. This relationship is 
expressed by the generator reactive capability curves. This 
paper will discuss economic dispatching of bundled real and 
reactive power based on generation cost directly specified in 
terms of MVA (Mega Voltage-Amps) in the generator 
reactive capability curve. We propose an optimal load 
dispatch framework from an Independent System Operator 
(ISO)’s perspective and a generation company’s perspective.  
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From a dispatcher’s perspective, the active power and reactive 
power can be dispatched together as a bundled product. In this 
way the overall cost of all generation assets is truly 
minimized. Also in this case, a post-generation procurement 
of reactive power in the ancillary service market is not 
necessary since reactive power allocation is taken into account 
in the overall economic dispatch process. Profitability of 
individual generation entity is not a concern in this scenario. 
On the other hand, from utility companies’ perspective, by 
making use of forecasted energy demand and price, the 
company can make better decisions on optimizing bidding 
strategies to maximize profit. This paper is organized as 
follows. Section II briefly reviews reactive capability curve 
fundamentals. Section III presents the cost minimization 
formulation mainly from system operators’ viewpoint. Section 
IV illustrates the profit maximization framework from 
generation companies’ standpoint. 

II.  REACTIVE CAPABILITY CURVE AND GENERATOR COST 
CHARACTERIZATION 

In order to perform the optimization task a mathematical 
model of the plant usually has to be developed. The plant 
model must be comprised of equipment models. In particular, 
the reactive capability curve of each generator has to be 
modeled. The estimated reactive capability curve for a typical 
generator is shown in Figure 1. As discussed in [8] the active 
power (MW) is plotted as abscissa and reactive power 
(MVAR) as ordinate. All the curves are arcs of circles. In 
general the reactive capability curve for a generator can be 
divided as either over-excited (lagging) or under-excited 
(leading), depending on whether the VARs produced is 
positive or negative.  

An important concept in the reactive capability curve is the 
power factor, which is defined as  

22 vw

wPF
+

= , 

where w is the active power and v is the reactive power 
The lagging portion of the curve can be divided into two 

parts where each part is a segment of a circle. The arc starting 
about the origin and typically labeled between 1.0 to 0.85 
power factor (region I) represents the limit imposed by the 
condition of constant armature current whereas the other arc 
(typically 0.85 to 0 power factor in region II) by constant field 
current. 

The leading portion of the curve can also be divided into 
two parts. The portion from -0.95 to 1.0 (in region I) 
represents the limit imposed by constant armature current and 
is an extension of the arc from power factor 1.0 to 0.85. The 
other portion (region III) can be represented as a fourth order 
polynomial.  

These curves are usually given at different cold hydrogen 
gas temperatures and pressures. The radius of the arc indicates 
the maximum capacity (measured as MVA) of the generator 
for a given gas temperature and pressure condition. The 
nameplate capacity of a generator is usually specified at 0.9 

power factor.  Region III is not included in this paper’s 
simulation study for conciseness since this is a much less 
commonly used area. 
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Fig. 1.  A typical generator reactive capability curve. 

A.  Description of Generator Cost 
Using the reactive capability curve to characterize 

generation cost is more accurate than using only active power 
as is normally chosen by the industry.  For a given arc, the 
length of the radius is a direct indication of the required 
energy or heat input. Therefore, we denote it as the cost MVA. 
Note that the arcs shift their centers to a new location (Ow, Ov) 
when the corresponding power factor drops below 0.85. This 
effectively changes the cost MVA (radius length in region II).  

When the generator is at 0.85 power factor or greater the 
heat input yields maximum usable MVA from the generator. 
When the power factor decreases below 0.85, instead of 
getting maximum MVA from the generator, some power is 
lost in the form of heat. Adjusting the power factor of a 
machine across 0.85, while keeping the heat input constant, 
will vary the usable MVA of the machine. The usable MVA is 
defined as: 

22 vwmva += , 
where w and v are previously noted. 

As mentioned earlier, the cost MVA is defined as the 
radius of the circle in either region I or II. We denote it by 
mvac. When the generator operates in region I, the cost  MVA 
is the same as the usable MVA. While operating in region II, 
the usable MVA is significantly smaller than the cost MVA, 
which represents a loss in the generation capability.  This lost 
MVA is accounted for as increased heat inside the generator.  
The cost MVA for region II will be: 

       22 )()( vxc OvOwmva −+−=  
The fuel cost, which is proportional to the heat input, can 

be directly described by a second order polynomial as a 
function of the cost MVA.  

2
cc mvacmvabaC ⋅+⋅+=              (1) 

where a, b, and c are the cost function coefficients [9]. 
We distinguish between the term cost and profit in this 
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study. The cost is what the generation company has to pay in 
order to run the generator unit. The profit is what the 
generation company gets paid by the energy sale minus the 
cost. In this paper, all of the costs are specified in the unit of 
dollar per hour ($/H). Fuel cost is of primary subject unless 
noted otherwise. Emission cost is not explicitly included since 
it does not alter the concept outlined in this paper. When 
emission cost is incorporated, the cost function (1) will have 
slightly different coefficients but the polynomial relationship 
does not change since the emission cost is most likely a 
polynomial function of the cost MVA.  

B.  An Illustrative Power Network 
As with any study, a numerical example will be provided in 

this paper which consists of a three-unit network.  Without 
loss of generality, the transmission loss is not considered to 
simplify the problem.  To illustrate the key concept of this 
paper and for easy comparison, all three generators are 
assumed to have the same capacity range, but with different 
cost functions. The difference in generation cost may be 
contributed by a variety of fuel types and unit characteristics.  
Furthermore, it is also assumed that all generators have the 
center of arcs for region II of reactive capability curves 
located at (5, -30) in Figure 1. Table I shows the cost function 
coefficients and capacity limits for each unit. 

 
TABLE I 

A SAMPLE POWER NETWORK FOR NUMERICAL STUDY 
Generator a b c mvamin mvamax 

1 50 10 0.025 44 222 
2 50 8 0.0145 44 222 
3 50 5 0.0625 44 222 

 
All MVA limits listed in Table I are specified for reactive 

capability curve region I. The maximum and minimum cost 
MVA (mvac) for region II can be easily calculated since the 
transition power factor (0.85) and the center (Ow,Ov) of region 
II arcs are all known.   

According to [1] the system reactance (X) greatly exceeds 
the system resistance (R). During transmission, reactive power 
loss I2X far exceeds active power loss I2R where I is the 
current. Reactive power travels the grid very poorly making 
the job of dispatching reactive power much more difficult than 
dispatching active power. This makes local production of 
reactive power important. For this reason, we assume the total 
reactive power demand is only specified on a sub-system by 
sub-system basis instead of on an entire system basis. The 
sub-system is defined as a region where reactive power can be 
effectively transmitted without significant loss within the 
region. 

Also for brevity, all factors that are irrelevant to 
demonstrate the key concept are not included in the model 
network. These include transmission loss, contingencies, and 
branch flow considerations. This network is made simple 
since the purpose of this study is not to demonstrate the 
practical procedure of using the proposed framework. Instead, 
a simple example is ideal for gaining insight to this new 
approach.  

To facilitate numerical simulation study, we assume the 
total regional reactive power demand is reasonably well 
estimated since it is largely weather and season dependent. 
Compared to active power demand, requirement of reactive 
power for each individual unit has more uncertainty since it 
depends on how many induction machines are in service at 
any given time. This estimate of total reactive power demand 
is important since it directly affects the quantity of VAR to be 
produced from each unit. All simulation studies performed in 
this paper used MATLAB Optimization Toolbox.  

III.  MINIMUM COST FORMULATION 
The generation cost minimization objective is usually 

performed by system operators. The system operator can be an 
independent system operator (ISO) or the generation company 
itself.  From cost minimization standpoint, all cost functions  
in consideration are characterized as a function of the cost 
MVA. The problem can be formulated as follows 

        ∑
=

=
N

i
iCJ

1
min               (2) 

       Subject to 

     ∑
=

=
N

i
i Pw

1
  (Active power constraint) 

     ∑
=

=
N

i
i Qv

1
   (Reactive power constraint) 

max_,,min_, icicic mvamvamva ≤≤  
            (Unit capacity constraint) 

where N is the number of units considered, Ci is the cost 
function of ith generator as defined in (1).  icmva ,  is the cost 
MVA for the ith generator, max_,icmva  and min_,icmva are the 
maximum and minimum capacity limits for the ith unit. P and 
Q are the total active power and reactive power demand, 
respectively. 

Given the power network in Table I, we perform economic 
dispatch simulations for the following four cases. 

Case I: Given a total active power schedule, reactive power 
is 20% of the total active power. 

Case II: Given a total active power schedule, reactive 
power is 35% of the total active power. 

Case III: Given a total active power schedule, reactive 
power is 100% of the total active power. 

Case IV: Given a total active power schedule, reactive 
power for generator 1 is 70MVAR and the combined reactive 
power requirement for generators II and III is 100MVAR.  

The simulation results of the four cases are shown in 
Tables II, III, IV and V. The active power, power factors, and 
total cost are listed to show the impact of changing reactive 
power demand in relation to the economic dispatch result. The 
corresponding reactive power allocation is not listed for 
brevity, since its value can be easily calculated from the given 
active power allocation and its associated power factor.  

The results in cases I and II are rather intuitive. Each case 
has the same power factors for all generators regardless of the 
power schedule, except case II has lower power factors due to 
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the increased reactive power demand. This makes the entire 
power network look like one single giant generator. The 
economic dispatch result only affects active power. The 
reactive power schedule is based upon the total demand. The 
ratio between MVAR and MW (hence the power factor) of 
each generator is not affected. Case III shows different power 
factors for each generator when the reactive power demand is 
increased and the optimal load allocation falls into reactive 
capability curve region II. Note that power factors are 
different now among different generators, even the ratio 
between the total reactive power and total active power is 
fixed. This is a direct consequence of the nonlinear nature of 
the reactive capability curve, especially the switch between 
region I and II. Case IV represents a common scenario where 
the reactive power requirement varies between different units. 
The results of this case are similar to the combination of all 
previous three cases.  

 
TABLE II 

ACTIVE POWER SCHEDULE AND POWER FACTORS FOR THE CASE OF 20% 
MVAR/MW  

Total 
MW 

w1 
(MW) PF-1 w2 

(MW) PF-2 w3 
(MW) PF-3 

Total 
Cost 
($/H) 

340 75 0.98 196 0.98 69 0.98 3900 
480 159 0.98 218 0.98 103 0.98 6139 
620 218 0.98 218 0.98 184 0.98 9245 

 
 

TABLE III 
ACTIVE POWER SCHEDULE AND POWER FACTORS FOR THE CASE OF 35% 

MVAR/MW  

Total 
MW 

w1 
(MW) PF-1 w2 

(MW) PF-2 w3 
(MW) PF-3 

Total 
Cost 
($/H) 

340 76 0.94 196 0.94 68 0.94 4088 
480 166 0.94 210 0.94 104 0.94 6490 
620 210 0.94 210 0.94 200 0.94 9983 

 
 

TABLE IV 
ACTIVE POWER SCHEDULE AND POWER FACTORS FOR THE CASE OF 100% 

MVAR/MW  

Total 
MW 

w1 
(MW) PF-1 w2 

(MW) PF-2 w3 
(MW) PF-3 

Total 
Cost 
($/H) 

250 60 0.77 140 0.65 50 0.82 4855 
350 124 0.71 149 0.67 77 0.78 7256 
450 156 0.70 152 0.68 142 0.74 10621 

 
 

TABLE  V 
ACTIVE POWER SCHEDULE AND POWER FACTORS FOR THE CASE OF 

INDIVIDUALIZED REACTIVE POWER DEMAND (G1: 70MVAR , G2+G3: 
100MVAR  

Total 
MW 

w1 
(MW) PF-1 w2 

(MW) PF-2 w3 
(MW) PF-3 

Total 
Cost 
($/H) 

340 108 0.84 171 0.92 61 0.92 4701 
480 166 0.92 212 0.95 102 0.95 6513 
620 211 0.95 216 0.97 193 0.97 9568 

 
From the numerical analysis we conclude that, using cost 

MVA specified in generator reactive capability curves, the 

generator cost function can be more accurately defined. 
Depending on the total forecasted reactive power usage, the 
optimal power factor for each unit may be different. 
Therefore, there are more opportunities for further overall 
generation cost reduction compared to the traditional way of 
economic dispatch where only active power allocation is 
considered.  This argument can also be intuitively explained 
from a mathematical programming perspective.  When both 
MW and MVAR are considered in the optimization 
formulation, the increased   number of decision variables 
increases the degree of freedom of the optimization. 
Therefore, the objective function can be only made smaller.   

A note is made here regarding automatic control of both 
real and reactive power. As is well known most generating 
units have implemented MW control through the automatic 
generation control (AGC) mechanism. While reactive power 
adjustment is largely a manual action, the technology is 
mature for directly connecting the generator excitation control 
to the dispatch center. This control can also be implemented 
via a distributed control system (DCS). 

IV.  MAXIMUM PROFIT FORMULATION 
The reactive capability curve based economic dispatch can 

also be used by a non-dispatching utility company to analyze 
the cost and formulate an optimal bidding strategy for 
maximizing the operating profit. In order to formulate a profit 
maximization scheme, the day ahead forecasted energy price 
for both real and reactive power are required. Following the 
reasoning in [10], the profit maximization formulation can be 
given as follows: 

∑∑∑
===

−+=Φ
N

i
i

N

i

q
i

N

i

p
i CFF

111
max                  (3) 

Subject to 

   ∑ ∑
= =

⋅=
N

i

N

i
ii wv

1 1
γ   (Reactive power constraint) 

   max_,,min_, icicic mvamvamva ≤≤   (Capacity constraint) 
where wpF w

p
i ⋅= and vpF v

q
i ⋅=  are the profit for the ith 

unit resulting from active power sale and reactive power sale, 
respectively. wp  and vp are the real and reactive power price 
in the measure of dollar/MWH and dollar/MVARH. Note that, 
for simplicity of presentation, we omit spinning and non-
spinning reserve related cost and profit in the above 
formulation. 

In order to solve for the profit maximization problem, 
forecasted energy prices have to be known a-priori. The base 
market clearing price (MCP) is usually the last dispatched unit 
with the lowest incremental cost. This MCP is applied to all 
generation units across the entire system. For generators at 
different nodes, the actual price the utility company getting 
paid is known as Locational Marginal Price (LMP). LMP is 
basically the market clearing price plus any transmission loss 
cost and congestion charges. Therefore, although the MCP is 
the same for every location, the LMP differs from node to 
node. Well estimated LMPs are essential to the cost MVA 
based economic dispatch study. In this scheme, we assume the 
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three generating units in the simulation network belong to the 
same company, but there is the possibility that the whole 
system may contain generation units from other competing 
power companies. Simulations for maximizing generation 
profit also assume all three generators belong to different 
nodes, and the LMPs are five dollars apart, with generator 1 
has the lowest price, the base market clearing price, and 
generator 3 has the highest price. The reactive power pricing 
is a complicated issue ([2]-[7]) which will not be addressed in 
this paper. To simplify the problem without losing insight, we 
assume a constant reactive power price in any single 
simulation run. The first simulation assumes the total reactive 
power demand is 20% of the total generated active power. The 
result is shown in Table VI. The second simulation assumes 
total reactive power demand is 35% of the total generated 
active power with results shown in Table VII. Without loss of 
generality, both assume reactive power price is zero. 
 

TABLE VI 
PROFIT MAXIMIZATION: ACTIVE POWER SCHEDULE AND POWER FACTORS 

FOR THE CASE OF 20% MVAR/MW  
Base 
MCP 

($/MWH) 

w1 
(MW) PF-1 w2 

(MW) PF-2 w3 
(MW) PF-3 

Total 
Profit 
($/H) 

10 42 0.95 218 0.98 116 0.99 1426 
15 92 0.96 218 0.98 154 0.99 3465 
20 187 0.97 218 0.98 193 0.99 6120 
25 216 0.97 218 0.98 219 0.99 9321 
30 216 0.97 218 0.98 219 0.98 12588 

 
The result shown in Table VI is very intuitive. Generator 2 

is the least cost unit and hence always selected at maximum 
capacity taking into account the VAR demand.  Generator 1 
and 3 are more costly units which are loaded at lower loads 
when the energy price is low. As energy price becomes 
higher, Generators 1 and 3 are gradually loaded up.  As one 
can see the power factor, as a measure of individual unit 
reactive and active power distributions, differs from unit to 
unit due to the difference of LMP at each generation node. 
Generator 1 has the lowest LMP and produces more VAR in 
relation to MW than generator 2 and generator 3. 
 

TABLE VII 
PROFIT MAXIMIZATION: ACTIVE POWER SCHEDULE AND POWER FACTORS 

FOR THE CASE OF 35% MVAR/MW  
Base 
MCP 

($/MWH) 

w1 
(MW) PF-1 w2 

(MW) PF-2 w3 
(MW) PF-3 

Total 
Profit 
($/H) 

10 38 0.87 200 0.94 108 0.97 1214 
15 76 0.90 209 0.94 144 0.96 3124 
20 164 0.91 210 0.95 180 0.96 5584 
25 205 0.92 210 0.95 213 0.96 8601 
30 205 0.93 210 0.95 213 0.95 11744 

 
The result in Table VII demonstrate the same concept as in 

Table VI except the overall power factor levels are lower due 
to the increased total reactive power demand. The reduced 
total profit in this run can be contributed by the fact that the 
reactive power price is set to zero for both simulation runs. 

Next, a set of simulation studies are performed assuming 
different reactive power demand and different reactive power 

price. The total reactive power demand is specified as the 
percentage of the total generated active power. Reactive 
power price ranges from $2/MVARH to $12/MVARH. The 
active power LMP for generators 1 2, and 3 are 30, 35, and 40 
($/MWH) respectively.  Figure 2 illustrates the total profit as a 
function of the total reactive power demand and reactive 
power price. The result is self-explanatory since a higher 
reactive power price and a higher reactive power demand 
correspond to a higher total profit, and vice versa. The lowest 
profit is achieved when the reactive power demand is high but 
the price for compensation is the lowest. Although the ratio 
between the total reactive power demand and the total active 
power demand vary linearly in scale, the total achievable 
profit as the result of the profit maximization changes in a 
nonlinear fashion as illustrated by the curvature in the plot. 
This is not surprising due to the nonlinearity of the generator 
reactive capability curves. Figure 3 shows generator 3 power 
factor as a function of reactive power demand and reactive 
power price. Generators 1 and 2 power factors show similar 
patterns.  Again we see as the MVAR/MW ratio increases in 
linear scale, the corresponding power factor increases in a 
non-linear scale dictated by the reactive capability curve. 
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Fig. 2.  Total profit as a function of reactive power demand and reactive power 
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The profit maximization formulation based on the market 
energy price and generator reactive capability curve can be 
utilized by a utility company to contrive an optimal bidding 
strategy in this ever-changing energy market. System reactive 
power requirement varies due to induction machine operating 
status. The power factor for each generator needs to be 
adjusted accordingly in an optimal manner. Since in current 
practice the unit data submitted to the ISO from generation 
companies contain maximum and minimum generation 
capacity specified in terms of active power (MW) for each 
unit, an extension of the capacity range can be achieved by 
wisely adjusting the generator power factor. This can put the 
company at a more competitive position in this market. Take 
the power network simulation in this section for example. If 
the generation company senses the total reactive power 
requirement can be dropped from 35% to 20% of the total 
active power generation, by properly adjusting the power 
factor of each generator, the extra profit gain would be 
$844/H at the base MCP $30/MWH.  

V.  CONCLUSION 
The paper presents a concept for economic dispatching of 

active power and reactive power simultaneously. The scheme 
utilizes generators’ reactive capability curves to construct the 
cost MVA and hence the cost functions. This strategy can be 
used either by system operators for minimizing the overall 
generation cost or by generation companies to maximize 
profit. This strategy can also be used within an individual 
power plant with multiple generators such as a Hydro-electric 
facility or combined cycle plant. These plants are often used 
by utility companies for grid voltage control. Therefore, they 
are often put on MVAR dispatch rather than MW dispatch. 

For practical use, a reasonably good forecast for reactive 
power usage has to be obtained for both day ahead and real-
time markets. The generation company would have to use the 
cost MVA to build the cost function for self-evaluation as well 
as for market bidding submittals. As a result, procurement for 
reactive power from the ancillary service market becomes less 
important. Also, as a side effect, due to the nonlinear nature of 
the generator reactive capability curve, efficient nonlinear 
programming schemes will play essential roles in solving the 
formulated problem.  
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